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Introduction of Circular Waveguides
• Widely used due to low cost

Step-index Fiber

High index

Low index



Wave Equations in Cylindrical Coordinates

Wave equation for planar waveguide Wave equation for circular waveguide



Solution of Ez

• Separation of variables
• Substitute into the equation

• Multiple by

• Assume a phase term for z dependence
𝛽:



Solution of Ez

• Solve for Φ 𝜈: separation constant

• Substitute into

• Solve using Bessel functions

Only has 
R(r)

positive

negative



Bessel Functions

Damped sine wave
Describe radial standing wave

for γr large

Damped exponential wave
Describe evanescent wave



Field Distributions in the Step-Index Fiber

1. Oscillatory solution

2. Exponential decay

1

2

Solve boundary conditions for A, B, C, D



Field Distributions in the Step-Index Fiber



Field Distributions in the Step-Index Fiber

Core Cladding



Boundary Conditions for the Step-Index Waveguide

• Boundary condition: r=a continuous

characteristic equation
oscillator
y 𝜈: angular mode number

m: radial mode number



Solution of A, B, C, D

Continuous Eφ

Continuous Hφ



Transverse Electric and Transverse Magnetic 
Modes

• ν: angular dependence of the solution

characteristic equation

Continuous Eφ Continuous Hφ

A must be 0.
Ez=0

TE mode

B=0.
Hz=0

TM mode



Find propagation vector β

Solve

Simplified using Bessel relation

TE:

TM: Need to solve numerically



Example of TE Mode

intersections: 
allowed TE 
Mode



Hybrid Mode

• ν≠0: both Ez and Hz



Linearly Polarized Mode

• weakly guiding approximation

using Bessel relation

Bessel relation



Linearly Polarized Mode

Degenerate modes
Same β

Same β



Normalized Frequency and Cutoff

∞

One mode is allowed



Cutoff Conditions



Normalized frequency (V number)

• V number:

• Example:  

5 modes are allowed


